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1 Introduction 

The moduli space of stable bundles on an algebraic curve C is a much-studied object, 
but there are still new things to learn about it. This paper introduces one more aspect 
to study, and poses some conjectures about it. 

Recall from [7] that, if M is such a moduli space, then its cotangent bundle T*M 
defines a completely integrable Hamiltonian system. By this we mean that there 
are dimM functionally independent holomorphic functions on T*M which Poisson- 
commute and whose common level set is an open set in an abelian variety, on which 
the Hamiltonian vector fields are linear. These functions are polynomial in the fibre 
directions and can be understood on the moduli space M itself as holomorphic sections 
of symmetric powers Sym'^ T of the tangent bundle for various values of k. The fact 
that they Poisson commute is equivalent to the statement that the symmetric tensors 
commute using the Schouten-Nijenhuis bracket, a natural extension of the Lie bracket 
on vector fields. 

We introduce here a skew-symmetric version of this, identifying holomorphic sec- 
tions of K^T for various values of k (so-called polyvector fields) which also Schouten- 
commute. More precisely we note that at a smooth point of the moduli space of 
stable holomorphic structures on a principal G-bundle, where G is a complex simple 
Lie group, the cotangent space is isomorphic to H^iC^Q ® K) where g denotes the 
adjoint bundle of Lie algebras. Given a bi-invariant differential form p on G of degree 
fc, then for e H^[C, q ® K), . . . , ^k) defines a skew form with values in the 

line bundle K'^. Dually, it defines a homomorphism 

H\C,K^-'') ^i7°(M,A^T). 
By analogy with the symmetric case there are three obvious questions to ask: 
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• Is this map injective? 

• Do these polyvector fields Schouten-commute? 

• Is the algebra of all polyvector fields on M generated by these? 

In this paper we restrict ourselves mainly to the rank one case where the only invariant 
form is B{[X, y], Z) where B is the Killing form, but many of our results hold in more 
generality. We answer in the positive the first question (for genus g > 2), and show 
that for general reasons the answer is yes to the second. As to the third question the 
Verlinde formula shows that the answer is no, though in the final section we discuss 
some related issues. 

What we do show, however, is that for (? > 4, and in the case of vector bundles with 
coprime degree and rank, there are no polyvector fields of degree two. The vanishing 
in degree one is well-known [10], [7], so that the first degree where existence holds is 
precisely where our construction begins. Our proof of the vanishing of H^{M,A'^T) 
requires another feature of the moduli space, which was the original motivation for 
this research. In [lOj, the authors used a holomorphic differential on C to define on 
the moduli space a nontrivial extension 

2g-2 

-> T* ^ ^ T ^ 

1=1 

where is the restriction of the universal adjoint bundle to M x {xi} and Xj G C 
is a zero of the differential. A considerable part of the paper consists of studying the 
vector bundles E defined by these extensions in more detail. 

The most important point is that the extension class lies in the skew-symmetric part 
H^{M, h?T*) C //^(M, Hom(T, T*)) and realizes the known isomorphism between 
the space of differentials H'^{C,K) and H^{M, A'^T*). This provides an orthogonal 
structure on E such that the subbundle T* is maximal isotropic. We also show that 
these bundles have a natural Courant algebroid structure arising from an infinite- 
dimensional quotient construction. 

One result we need is an isomorphism H^{M, T T*) = H^{C, O), proved in |3_]. We 
shall see this isomorphism being realized as a deformation of the tangent bundle of 
M by replacing H^{C, g) by H^{C, Q® L) for a degree zero line bundle L. 
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2 Polyvector fields 



2.1 The construction 

We set up the basic framework in the case of a general simple Lie group G. Let C be 
a compact Riemann surface and M be the moduli space of stable principal G-bundles 
on C. At a smooth point of M the tangent space T is isomorphic to H^{C, q) where g 
denotes the adjoint bundle, and its dual space T* is, by Serre duality, if°(C, 0® K). 
We shall call sections ol q® K Higgs fields. 

Evaluation of a Higgs field at x e C defines a homomorphism from T* to ® 
and so a section 

s^eH\M,Q^®T)®K^. 

If Q now denotes the universal adjoint bundle over the product M x C, then varying 
X we get a tautological section 

s e H\M X C,Q®(TMK)). 

Consider now the ring of bi-invariant differential forms on G. This is an exterior 
algebra generated by basic forms whose degrees arc given by ki = 2mj + 1 where rrii 
are the exponents of the Lie algebra. For each generator cTj we can evaluate on the 
section 

gAh g H'^f^M X C, A'''{g ® (T K K)). 

to obtain 

Si e //°(M X C, A'^'T m K^') ^ //°(M, A^'T) ® H^{C, K^') 
or equivalently by Serre duality a homomorphism 

A : H^{G, K^-^') H\M, A^'T). (1) 

Examples: 

1. The simplest invariant form for any G is o"(X, Y, Z) = B{[X, Y], Z) where B is the 
Killing form. Thus the {bg — 5)-dimensional space H^{C, K^"^) maps to H^{M, A^T). 

2. For each point x G G, evaluation of a section of K'^ at x (and a trivialization 
of K^) defines a linear form on H^[G,K^^) and hence an element of its dual space 
H^{C,K^-^i), so this defines a section cr^ e H^{M,A^^T). 
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2.2 Inject ivity 



If the map A in ([T]) for an invariant form a of degree k has a non-zero kernel then there 
is a class a G H^{C, K^~^) such that for all G-bundles and Higgs fields $i, . . . , $fe 

(a,a($i,...,$fc)) = 

where ( , ) is the Serre duality pairing. Thus for injectivity we need to show that 
the sections . . . , generate H^{C, K^). Here for simplicity we restrict to the 

rank one case. 

Remark: We should make a remark here about which moduli spaces we are con- 
cerned with. The setting for the problem is the space of stable principal G-bundles 
modulo isomorphism, but the definition of the polyvector fields only depends on the 
structure of the Lie algebra so it is really the adjoint group which is relevant here. In 
the case of a linear group the most studied moduli space is that of vector bundles of 
rank n and degree d with fixed determinant bundle. Especially important is the case 
where n and d are coprime for the moduli space then is compact and smooth and has 
a universal vector bundle. But it is the (singular) quotient of this by the operation of 
tensoring with a line bundle of order n which gives the adjoint bundle moduli space. 
This point will become relevant in the final section. 

Proposition 1 If g > 2 the map A is injective for G = SL{2) or S0{3). 

Remark: The map is not injective for g = 2. In fact there are two spaces, is the 
moduli space of bundles for even degree and the intersection of two quadrics in for 
bundles of odd degree. In both cases these are acted on trivially by the hyperelliptic 
involution r on C , and in particular the action on sections of A^T is trivial. But 
H^{C,K^) has both invariant and anti-invariant elements under r. 

Proof: There is just one invariant form here - the three-form a given by a{X, Y, Z) = 
B{[X,Y],Z). 

1. We begin with the even degree case, and we may consider a class to be represented 
by a rank 2 vector bundle E with A'^E trivial. Consider first a non-trivial extension 
of degree zero line bundles 

^ L ^ ^ ^ L* ^ (2) 

defined by a G H^iC^L"^). Take a point x G C, and let t denote the tautological 
section of 0{x). The homomorphism L*{—x) L* defined by the product with t 
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lifts to E if the class at G H^{C, L'^{x)) vanishes. The long exact sequence of 
^ Oc{L') 4 Oc{L\x)) ^ 0,{L\x)) ^ 

gives 

^ H\C,L\x)) ^ L\x%^ H\C,L') ^ H\C,L'{x)) ^ 

so if H^{C, L'^{x)) = there is a unique a with this property - the image of a vector 
in L'^{x)\x under the connecting homomorphism. Moreover from the exact sequence 
of ([2]) the hft is then unique. 

The lift defines a section of Hom(L*(— x), E) = EL{x). This is an inclusion unless it 
vanishes at x but if that were so, it would come from a section of EL and in the long 
exact sequence of 

O^L'^^EL^O^O 

we see that the generator of H^{C, O) maps to a G H^{C, L^) so if is non-trivial, 
H%C,EL) = 0. 

Hence if H^{C, L'^{x)) = (which implies is non-trivial), the lift of t : L*{—x) -> L* 
to E gives another expression of E as an extension 

L*{-x) ^ E ^ L{x) 0. 

If H^{C, L'^{x)) 7^ then there is a point y such that the divisor class [L^] ~ y — x. 
This defines a two-dimensional subvariety of the Jacobian and hence for g > 2 a 
generic line bundle L has the property that for all x, H^{C, L'^{x)) = 0. 

From [9] a generic element in the {g + l)-dimensional space H^{C, L^^{—2x)) defines 
an extension as above which is a stable bundle. Thus, as we vary L and x and the 
extension class, E belongs to a family whose generic member is stable. Moreover, 
although E itself is not stable it is simple, i.e. it has no non-scalar endomorphisms. 
This means that the rank of H^{C, g (g) K) = 3g — 3 for all bundles in the family. 

We shall show that, varying L and x, o"($i, $2, '^'a) generates H^{C,K^) and hence 
will do so in a generic family of stable bundles. 

2. We now need to determine the Higgs fields for E. The adjoint bundle g is Endo E, 
the bundle of trace zero endomorphisms. We have an exact sequence 

^ E LK ^ Endo E®K^ L'^K 

and so a section s of L~^K lifts to a Higgs field $1 if it maps in the long exact 
sequence to zero in H\C, E ® LK). Now H\C, L^K) is dual to H^C, L'^) which 
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vanishes if is non-trivial which means from the long exact sequence of ([2]) that 
H\C, E ® LK) ^ H\C, K) and so s e H^{C, L-^K) extends if its product with the 
extension class a G H^{C, L^) vanishes. Choosing the class as above, this means that 
s{x) = 0. 

Now let $1 be a lift of s. In the exact sequence 

since H^{C, L^K) = the map E (g) LK) H°{C, K) is surjective, so given a 

section t of we can find $2 a section oi E ® LK C Endg E ® K such that $2 maps 
to t. Now choose $3 to be any section u of L'^K d E ® LK C Endo E ® K. The 
(3(7 — 3) -dimensional space of Higgs fields can now be seen to be constructed from s, 
in the (^f — 2)-dimensional subspace of H^{C, L~'^K) consisting of sections that vanish 
at X, a choice of t in the ^f-dimensional space of differentials, and an arbitrary section 
u in the {g — l)-dimensional space of sections of L^K. 

It is easy to see then that cr(<l>i, $2, '^'3) £ H^{C,K^) is a multiple of stu. We shall 
show that we can generate all sections of K^ vanishing at x this way, for L generic. 

3. We use the "base-point free pencil trick" of [1]: let be a line bundle with sections 
Si, S2 having no common zeros and let F be a vector bundle. Then the kernel of the 
map 

® H%C, F) H%C, F^U) 

defined by (ti, ^2) ^ 51^1 + 32^2 is isomorphic to H^{C, F®U*). Indeed, if Siti = —52^2 
and Si, S2 have no common zeros then ti = US2, ^2 = — ^^^i for u a section of F (g) U*. 

The bundle L^K has a basepoint x if H^{C, L'^K{—x)) 7^ 0, or by Serre duality if 
i7°(C, L~^(a;)) 7^ 0. As above, considering [L^] ~ y — x, if (7 > 2 it follows that for 
generic L, L^K has no basepoint. Consider the sequence 

^ OcL'^K{-x -y)^ OcL'^K{-x) ^ OyL'^K{-x) ^ 0. 

In the long exact sequence we see that if H^{C, L'^K{—x — y)) — )■ H^{C, L'^K{—x)) 
is injective, sections of L^K vanishing at x do not all vanish at a given point y. This 
injectivity condition is equivalent to the map — )■ H^{C,L^^{x + y)) 
being surjective. But if L~'^{x + y) has a section then [L^] r^x + y — u — v. Thus 
if the genus g > A then for generic L there are no sections. By Riemann-Roch 
dim {C , L"^ K) = g — 1; this system has no basepoint and separates points hence 
the map C — )■ P^"^ is injective and we can then use general position arguments. 

Take a general divisor Xi + . . .+X2g-2 of L^K. By general position the space of sections 
vanishing on the first (g — S) of these points is a base-point free two-dimensional space: 
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sections of L'^K{—D) where D = Xi + . . .+Xg_3. Taking F = in the "base-point free 
pencil trick", we have, by taking products with si and S2, a subspace of H^{C, L^K^) 
of dimension 2g — dim {C , L'"^ (D)) . But by Riemann-Roch 

dim H\C,L-\D)) -dim H\C,L-\D)) = g-3 + l-g = -2 

and by Serre duahty dim H\C , L'^ (D)) = dim H^C, L'^K{-D)) = 2. Hence we 
obtain H^{C, L~'^{D)) = 0. This means that 82,82 generate with sections of i^T a 
251-dimensional subspace of {C , L"^ K"^) , which by Riemann-Roch has dimension 
(3(7-3). 

However, by general position, for each point Xi there is a section Sj of L^K which 
vanishes at all points xi, . . . , Xgs except Xj. Multiplying these by sections of K gives 
a complementary (^f — 3)-dimensional subspace and hence in total 2g+{g — 3) = 3g — 3 
linearly independent sections. Hence sections of L^K^ are generated by sections of 
L'^K and K. 

Given x G C and 2g — 3 general points Xi,X2, ■ ■ ■ ,X2g-3 there is a section q of 
vanishing at these points since defines an embedding C C P^^~^. But since 
2g — 3 > g, 2g — 3 general points form the divisor for a generic line bundle L~^K{—x). 
Hence the divisor of q is of the form x + Di + D2 where Di is the divisor of a section 
of L~'^K{—x) and D2 of L^K"^. Using the above result about sections of L'^K^ we see 
that sections of L-'^K{-x), K, L'^K generate K^{-x)). 

Varying x, by genericity we can generate all sections of from extensions E and 
hence also from stable bundles. 

There remain the cases g = 3,4. For g = 4 a generic degree 2g — 2 = 6 line bundle 
maps C birationally to a singular sextic curve in and the genericity theorem 
holds here. For genus g = 3, the image of H^{C,L'^K) ® H^{C,K) has dimension 
2x3 = 6 = 3(7 — 3 by the base-point trick. 

The case of odd degree can be considered as the study of the moduli space of rank 2 
vector bundles E with A'^E = 0{—y). Here, from p] each non-trivial extension 

^ L ^ E ^ L*{-y) ^0 (3) 

is stable (and indeed each stable bundle arises this way). The extension is defined by 
a class a G H^{C, L'^iy)) as before and s G iJ°(C, L^'^K{-y)) lifts to a Higgs field $1 
if its product with a vanishes. For some point x we can take as above an extension 
where, for g > 4, this condition is that s(x) = 0. We now need to prove that any 
section of vanishing at x is generated by sections of the ^f-dimensional spaces 
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H^{C,L^K{y)),H^{C,K) and the {g - 3)-dimensional space H^{C,L-^K{-x - y)) 
for some y. The argument proceeds as before when L is chosen so that sections of 
L~^K map C birationally to its image. For genus 3, L'^K{y) defines an embedding 
for generic L, so sections of L'^K{y) and K generate sections of L'^K'^{y). □ 

Remark: To consider the case of general G we could at this point use our rank one 
starting point and take the homomorphism from SL{2) to G given by the principal 
three-dimensional subgroup [S] to define a G-bundle. This breaks up the Lie algebra q 
into irreducible representations of 5*0(3) whose dimensions are precisely the degrees of 
the generators of the algebra of invariant differential forms on G. It seems reasonable 
to conjecture that the restriction of a generating form of degree (2m + 1) to the 
corresponding subspace of the same dimension is non-zero, but this seems not to 
have been proved, except for m = 1 where it is clear. If it were true then a direct 
generalization of the above would give injectivity in general, though there may well 
be other means of achieving this. As it stands we can assert that H^{C, K~^) 
H'^{M,A^T) is injective for all G. 

2.3 The Schouten-Nijenhuis bracket 

If A, B are sections of A^T and A'^T respectively on any smooth manifold then one can 
form the Schouten-Nijenhuis bracket [A, B] which is a section of A^+'^~^T, generalizing 
the Lie bracket of two vector fields. It has the basic properties: 

• For each vector field X, [X, A\ = CxA 

• [A,B] = -(-l)(P-i)(5-i)[5^^] 

• [A,BAC] = [A, B]AC + (-l)(P-i)''5 A [A, C] 

Remark: There is a similar bracket on sections of Sym^T and Sym'^T which 
corresponds to the Poisson bracket of the corresponding functions on the total space 
of the cotangent bundle T* with respect to the canonical symplectic form. 

On a complex manifold, the Schouten-Nijenhuis bracket on the sheaf of holomorphic 
polyvector fields extends to give a Gerstenhaber algebra structure on H*{M, A*T). 
We shall show here that the global polyvector fields just constructed commute with 
respect to this bracket. 

We adopt an infinite-dimensional viewpoint which can be made rigorous in a standard 
way by using Banach manifolds and slice theorems. Consider the moduli space M 
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of stable bundles as the quotient of an open set in the space A of all 9-operators 
Oa on a fixed C°° bundle by the group Q of complex gauge transformations. The 
space A is an infinite-dimensional affine space with translation group fl^'^{C, g). The 
cotangent space at any point is formally Q^{C, K) = fi^'°(C, q) using the pairing 
for a e n^'\C, q) and ^ en%C,Q®K), 

[ B{<^,a) 
Jc 

where B is the Killing form. 

Take a e Q^^{C, K^~'') representing a class in H^{C^K^~^) and an invariant fc-form 
0" on g. Then define a fc- vector field S" on ^ by evaluating on cotangent vectors 

5(<l>i,...,<l>fc) = / a($i,...,$fe)a. 
Jc 

Since a is independent of the operator Ba such a polyvector field on A is translation 
invariant (has "constant coefficients"), so any two Schouten-commute. 

But 5* is gauge- invariant because a is invariant, so under the derivative of the quotient 
map from the open set of stable points in A to M, 

K'^TaA K%A]M 

the image is independent of the representative point A, and so defines a polyvector 
field S on M. Note that an invariant polyvector field S is not the same as a polyvector 
field S on the quotient but S is defined by evaluating on 1-forms which are pulled 
back. In our case these are holomorphic sections ^j, and then (t($i, . . . , is a 
holomorphic section of K'', and by Stokes' theorem only the Dolbeault cohomology 
class of a contributes in the definition. 

We shall show in Section H] that there are no holomorphic bivector fields, sections of 
A^T, for (yf > 4 on the moduli space of stable vector bundles when the rank and degree 
are coprime. Since we have seen above that there always exist non-trivial holomorphic 
trivector fields, this is some information towards answering the third question in the 
Introduction. The result most probably extends to other groups but we shall use 
theorems in the literature which relate to this particularly familiar case. 

Our approach revisits a vector bundle on the moduli space first introduced by Narasimhan 
and Ramanan [10], but where we observe some extra features. 
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3 Orthogonal bundles on the moduli space 



3.1 Courant algebroids 

We need the notion of a holomorphic (exact) Courant algebroid. This is a vector 
bundle E given as an extension 

with the following properties. 

• E has an orthogonal structure - a nondegenerate symmetric form ( , ) such 
that T* C E is isotropic. 

• For local sections u,v there is another local section [u,v], skew-symmetric in 
u,v, such that : 

(i) if / is a local function [u, fv] = f[u,v] + {n{u)f)v — {u,v)df 

(ii) 7i{u){v, w) = {[u, v] + d{u, v),w) + {v, [u, w] + d{u, w)) 

(iii) [u, [v,w]] + [v, [w,u]] + [w, [u,v]] = d{{[u,v],w) + {[w,u],v) + {[v,w],u))/3 

The standard example is T © T* with symmetric form 
and bracket 

[X + ^,Y + r]] = [X, Y] + CxV " 'Cy^ - \d{ixV - ivi). 

There is a natural quotient construction for Courant algebroids (see [4j) which we 
describe next. Suppose M is a manifold with a free proper action of a Lie group G, 
and suppose that there is a lifted action on E preserving all the structure, in particular 
being compatible with it : E T and the natural action on T. The derivative of the 
group action defines a Lie algebra homomorphism a i— i- from g to vector fields, 
sections of T, and we ask for an equivariant extended action which is a linear map e 
from Q to sections of E such that: 

• for a, 6 G g we have [e(a), e(b)] = e([a, b]) 

• (e(a), e(a)) = 
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• vr(e(a)) = 

Given this data, e{Q) generates a trivial subbundle F G E of rank dimG. It is 
isotropic by the second condition, so F C F-^, and F-^/F inherits a nondegenerate 
symmetric form. The latter is a G-invariant bundle of rank (2 dim M — 2 dim G) = 
2dim(M/G). By G-invariance it descends to a bundle E on M/G. The G-invariant 
sections of F^/F are by definition the sections of E on M/G and the bracket on 
G-invariant sections defines a bracket on sections of E. 

Now 7r(F) is the tangent bundle along the fibres of M — )■ M/G, so vr induces a map 
from F-^/F to T{M/G) and one can easily deduce that £" is a Courant algebroid over 
M/G. 

3.2 A family of Courant algebroids 

We shall give here an infinite-dimensional example of the above construction to pro- 
duce (for general G) a family of Courant algebroids over the moduli space of stable 
G-bundles. 

As in Section [2l3] let A denote the infinite-dimensional space of all holomorphic struc- 
tures on a fixed principal G-bundle. It is acted on by the group Q of complex gauge 
transformations, and the quotient of the open set of stable holomorphic structures 
by Q is the finite-dimensional moduli space of dimension dim G{g — 1). So ^ is our 
manifold with ^-action and we are going to define an extended action on the trivial 
Courant algebroid T © T*. For this we consider as above the cotangent space to be 
^]l'0(G,g). 

To define an extended action we choose a holomorphic 1-form 6 G H^{C,K) and 
define, for ip in the Lie algebra Q^{C,q) of Q, 

e{ij){a) = {dAiJ, i^e) e n'^'^C, g) © n''\C, g). 

We check the isotropy condition: 

(e(^), e(^)) = ^ Bii;9, S^V^) = ^ ^ 8(930;, i;)) = 
since 6 is holomorphic. 

To check the bracket condition [e{ip),e{ip')] = edip , note that ipO is independent 
of A and is thus a translation-invariant 1-form on A and hence is closed. Thus using 

Cx = dix + ixd we have, for ^ = ip9, t] = ip'6, X = dA'ip, Y = Ba^j' 

CxV - ^vi - \d{ixrj - iyO = ^d{ixV - irO- 
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Now 

Jc 

and d{ixTj — iyC.) evaluated on a G Q^'^{C, g) is 

/ B{i;'e,[a,i;])-Bi^e,[a,ij']) = - [ a)-^5([^, ^'], a) = 2 [ 9B{[^,ij'], a). 

Jc Jc Jc 

This does then define an extended action and we can produce a quotient Courant 
algebroid as in Section 13.11 In our case the space F generated by the Lie algebra of 
Q consists of the subspace 

B' = {{dAiJ,^9) e Q''\C,g)®n''\C,g)} 

and F-^ is the space of pairs (a, $) G il^'^{C, g) © il^'^{C, g) such that 

/ B{^,dA^) + B{^e,a) = 
Jc 

for all ip G Q^{C, g). By integration by parts this is 

= {(a,$) G ©r]i'°(C,0) : Ba^ = ae}. 

Hence F-^/F = Z^/B^ is the first cohomology group of the complex 

or equivalently the hypercohomology M.^{C,g) of the short complex of sheaves 

0{g)A0{g^K). 

From the first hypercohomology spectral sequence we have an exact sequence 

iC g)->H\C,g^K)^Il\C,g)^ H' (C, g)^H\C,g®K) 
which for stable bundles gives us the expected extension 

For the second sequence, if Q is the quotient sheaf 

^ 0(0) A C(0 © i^) ^ Q ^ 
12 



we have 

But Q is supported on the zero-set of the differential 6. So for generic 6 with simple 
zeros xi, . . . , X2g-2 we have an isomorphism from E[^(C, g) to 

2g-2 

0(0 ®^k- 

i=l 

Denoting by the universal adjoint bundle restricted to M x {x} we find that the 
Courant algebroid ii^ on M produced by our quotient construction is a direct sum of 
bundles 

2g-2 

i?=00..®i^x,. (4) 

i=l 

Remarks: 

1. This vector bundle and its description as an extension appeared in the paper |TU]. 
It is the simplest way to see that the total Pontryagin class of M (the total Chern 
class of T © T*) is of the form p{T) = c(g)^^~^. Neither the symmetric form nor the 
Courant bracket played a role in its initial introduction. 

2. The extension O^T*^E^T^O defines a class in H\M,T* ® T*) but 
the orthogonal structure, and the fact that T* is isotropic, tells us that the class 
lies in H^{M, A'^T*). Each such extension depended on a choice of differential 6 so 
we have a natural homomorphism H^{C,K) — t- if^(M, A^T*). For vector bundles 
this is an isomorphism - in fact from [10] deformations of the point x E C give 
non-trivial deformations of g^ and hence from (jl]) non-trivial deformations of 

in particular non-trivial extension classes, so the map is injective; but both spaces 
are ^f-dimensional. The more usual description of this isomorphism is the dual one 
- the intermediate Jacobian of M is isomorphic to the Jacobian of C [10] hence 
H\C, O) ^ H\M,A^T*). 

3.3 The orthogonal structure 

Let A be a holomorphic structure on the principal bundle and e G E[a] a vector in 
the fibre of E over [A] G M. Then e is represented by (a, $) G n°'^(C, g) © 1]^'°(C, g) 
where 

Ba^ = a6. 
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The inner product is defined by 

(e,e)= / i?($,a). 
Jc 

Surround each zero of by a small disc and let C be the complement of these discs, 
then a = 6~^dA_4> is smooth on C and 

/ B{<i>,a)= [ ^fi($,a^$) = l / a(l5($,$)) = o. 

Jc Jc ^ ^ Jc ^ 

It follows directly on shrinking the discs that, for simple zeros of 6, the orthogonal 
structure is 

where 0'{xi) G K"^. is the derivative of 6 at its zero Xi. 
Remarks: 

1. Note from this description of the inner product that the decomposition of E' in (j4]) 
is an orthogonal one. 

2. Note also that if $ is holomorphic then i?($,$)/6' is a meromorphic differential 
and the sum of its residues is therefore zero. Hence from T* G E is maximally 
isotropic. 

We can generalize the above by replacing 6* by a section s of KL^ where L is a line 
bundle of degree zero and considering the hypercohomology of 

The quadratic form is defined in the same way as (|5]), and H^{C,q ® KL) is still 
isotropic but we have lost the Courant bracket. 

What we obtain this way is a hypercohomology group 

^Tl ^m\C,Q(g) L*) ^Tl^O. 

where = H^{C, q L*). In particular, varying over the moduli space, we see that 
each line bundle L of degree zero defines a deformation Tl of the tangent bundle. 

To summarize, for each effective divisor D of degree 2g — 2 we have produced an 
orthogonal bundle Ed with the following properties 
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• Eo has an orthogonal structure 

• there is an exact sequence of vector bundles 0— )-r£— j-i?/)— t-T^— )-0 where 
KL^ is the line bundle defined by D 

• T£ is a maximal isotropic subbundle 

• when L is trivial, has the structure of a holomorphic Courant algebroid 

4 A vanishing theorem 

We shall use the bundles E^ to prove the following vanishing theorem: 

Theorem 2 Let M be the moduli space of rank n, degree d bundles of fixed determi- 
nant, with n,d coprime, over a curve of genus g > 4:. Then H^{M,h?T) = 0. 

Proof: We return to the situation of a 1-form 6 defining an extension 

O^T*^E^T^O 

There is an induced sequence of vector bundles 

0^ K^E K^T (6) 

which we shall use to approach A^T. Here A is the bundle of Lie subalgebras pre- 
serving T* and is itself an extension 

^ A^T* -> A ^ T (g) T* ^ 0. (7) 

Consider the bundle K^E. From we have 

A2E = 0(0,,®0.J©0A20.^ (8) 

i<j i 

The coprime condition means that there is a universal vector bundle. In [8] the authors 
show that vector bundles Ux on M coming from this universal bundle are stable and 
isomorphic if and only ii x = y. \i Qx ® Qy = Endo Ux ® Endo Uy has a holomorphic 
section then by stability this is covariant constant with respect to the connection 
defined by the Hermitian-Einstein connections on Ux and Uy. This connection has 
holonomy U{n) ■ U{n) which means in particular that the section defines an algebra 
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homomorphism from Endo to Endg Uy. By stability this is an isomorphism which 
means that — L ® Uy for a hne bundle L. But the Picard variety of M is Z and 
Ci(f4) = ci{Uy) so Ux = Uy and x = y. It follows that H^{M, Q^i ® Qxj) = if i 7^ j. 
If Xi = Xj then we similarly deduce that the only holomorphic section of g^^ ® Qxi 
is defined by the Killing form B, which is symmetric and hence i7'^(M, A^g^;.) = 0. 
From dH]) we see that 

H^{M,K^E) = 0. 

Since E has an orthogonal structure, A'^E is isomorphic to the bundle of skew-adjoint 
transformations of E and the derivative of any family of deformations of E as an 
orthogonal bundle defines an element of H^{C,A'^E). 

But we saw in the previous section that any holomorphic section with divisor D of a 
line bundle KL^ (i.e. any bundle of degree {2g — 2)) defines an extension 

^ Tl ^ Ed ^ Tl ^ 

with an orthogonal structure such that T£ is isotropic. We therefore have a family 
of extensions defined by a 2^^-fold covering (the choice of the line bundle L) of the 
symmetric product S'^^~'^C all of which have orthogonal structures. So we have an 
effectively parametrized {2g — 2)-dimensional family of bundles deforming E. Each 
of these bundles has an orthogonal structure so the tangent space to the family is 
a distinguished {2g — 2)-dimensional subspace of H^{M,A'^E). But this family also 
comes with a distinguished maximal isotropic subbundle, so this subspace is the image 
of a {2g — 2)-dimensional subspace V C H^[M, A). 

Now consider the long exact sequence for ([7]) 

^ H^{M,T®T*) A H\M,A^T*) H\M,A) A H\M,T(8)T*) H^{M,A^T*) 

From [3] for (7 > 4 H^{M,T ®T*) consists of multiples of the identity. The homomor- 
phism h is just the extension class defining E in H^{M, A^T*) applied to the identity 
and so is injective. We know that H^{M, A'^T*) = H^{C,K), hence from the exact 
sequence the kernel of p has dimension {g — 1). 

Now a deformation of E, as a bundle with distinguished subbundle, defines a defor- 
mation of the subbundle. The map p in the exact sequence is its derivative. Our 
{2g — 2)-dimensional family of deformations of E is parametrized by an effective 
degree {2g — 2) divisor D and defines the deformation of the tangent bundle, 
where the divisor class of D is K + 2L. This map factors through the Abel-Jacobi 
map u : S'^^~'^C — )• J{C) at the divisor of 6, and so p, restricted to the subspace 
V C H^(M, A), factors through the derivative of u. 
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Writing the map u as 

29-2 .X, 

for a basis {wq} of differentials we see that the image of its derivative is the {g — 1)- 
dimensional subspace of H\C,0) annihilated by G H^{C,K) = H\C,Oy. The 
kernel of p restricted to V is thus {g — l)-dimensional and hence coincides with 
the full kernel of p. Hence p{V) C H^{M,T ^ T*) is {g — l)-dimensional. From 
[3J H\M,T (g) T*) = H^{C,0) and thus has dimension g. We deduce that either 
p : H^{M,A) H\M,T®T*) is surjective, and then dim H^{M, A) = (2^ - 2) + 1 
or p maps to a {g — l)-dimensional space which means that V = H^{M,A) and 
dim H\M, A) = 2g-2. 

Now consider the long exact sequence for (jS]) 

^ H\M, K^E) H°{M, A^T) ^ H\M, A) -> H\M, A'^E) . 

UV = (M, A) then knowing that V maps injectively to (M, A'^E) and H°{M, A^E) = 
0, we have the required result H^{M,A^T) = 0. The other alternative is that 
dim H\M, A) = 2^ - 1 in which case dim iJ°(M, A2T) < 1 

We now use the exact sequence obtained by tensoring E with T 

O^T(g)T*^T(g)E^T®T^O 
to yield the exact cohomology sequence 

^ H^{M, T(g)T*)^ H'^iM, T®E)^ H'^iM, T (g) T) H\M,T (g) T*) ^ ■ ■ ■ 
Now 

2g-2 
i=l 

SO for the term H^{M,T ® E) we need to understand each H^[M,T ® g^.). The 
bundles are parametrized by a; G C and so in the complement of a finite set of 
points in C, dim H^{M, T ® Qx) takes its generic value k, say. For any x we have the 
section Sx defined in Section [2.11 and so A; > 1. Since the canonical bundle has no 
base points, a generic canonical differential 6 vanishes at points in this complement 
and so for this bundle E we have 

2g-2 

dim H°(M, T ^E) = ^ dim H^{M,T (g J = {2g-2)k. 

i=l 
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Now H%M,T® T) = H'^{M,Sjm'^T) © i/°(M, A^T) and it was proved in [7] that 
dim H'^{M, Sym^ T*) = 3g — 3. Let n be the dimension of the image of H^{M, T ®T) 
in H^{M, T T*) in the above sequence then from exactness 

n + (2^ - 2) A; = 1 + (3^ - 3) + dim H^{M, A^T) 

using again dim H^{M,T ®T*) = 1. But n > and dim H°{M, A^T) < 1 so if ^ > 2 
we must have k = 1 and n = g + dim iJ°(M, A^T). But n < dimH\M, T ®T*) = g 
and hence i7°(M, A^T) = 0. □ 

Remarks: 

1. When = 2, M is the intersection of two quadrics in the 5-dimensional projective 
space P(y). A direct calculation shows that if°(M, A^T) = AV*. 

2. From |T2] the infinitesimal deformations of the abelian category of coherent sheaves 
are parametrized by the Hochschild cohomology group HH'^{M) and the vanishing of 
if°(M, A^T) and H'^{M, O) means that this is isomorphic to H^{M, T), the deforma- 
tions of the complex structure of M which is well-known to be canonically isomorphic 
to the deformations of the curve C. 

3. The evaluation map H^{C, Q^K) — )■ q^^K^ defines as in Section [2TT] a holomorphic 
section Sx of Hom(T*, q^) = T ^ Qx on M. Our calculation above of A; = 1 shows that 
for generic x this is the unique section. 



5 Generators and relations 
5.1 Generators 

Suppose now that M is the moduli space of rank 2 bundles of fixed determinant over 
a curve C of genus g. We have seen from Proposition [T] that the {5g — 5)-dimensional 
space H^[C, K'"^) injects into H^{M,A^T). This generates maps 

h^H\C,K~'^) H\M,A^''T) 

and one may ask whether this is surjective, or more generally is it true that any 
polyvector field is generated by these trivector fields? 

Since dimM = 3(7 — 3 we can consider the map from A^~^H^{C, K'"^) to sections 
of the anticanonical bundle K^j^ = A^^~^T of M. The Verlinde formula gives this 
dimension as 

dim i7°(M, K^/) = 3'^-^2^3-^ ± 2^^-^ + 3^"^ 
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(where the sign corresponds to even or odd degree), whereas 
which is smaller. 

On the other hand, our polyvector fields are described via the adjoint representation 
and so are insensitive to the operation of tensoring a rank n stable vector bundle V 
of fixed determinant by a line bundle of order n. So on the moduli space M of stable 
vector bundles they are invariant by the action of H^{C, Z„). In the rank 2 case the 
dimension of the space of invariant sections of K* is given in [TI] as 

dimif°(M,ir,-/) = ^-. 

Using the inequality 




we have ioi g > 2 

It therefore remains a possibility that the invariant trivectors do generate the whole 
algebra. 

5.2 Some relations 

Recall that for each point x G C we have (up to a constant) a trivector ax defined by 
evaluation at x: 

a,($i, $2, $3) = i?($i(x), [$2(x), $3(x)]). 

For SL(2) the three- form B{X, [Y, Z])) is essentially the volume form of the Killing 
form on the three-dimensional Lie algebra. 

Now take (g — l) distinct points xi, . . . , Xg-i on C and consider evaluating a Higgs field 
$, considered as a cotangent vector to M, at these points. We get a homomorphism 

3-1 

i=l 



it:) 
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of bundles of the same rank. Taking the top exterior power 



9-1 
i=l 

The right hand side is just a trivial bundle so this homomorphism defines a section 
of the anticanonical bundle of M naturally associated to the {g — 1) points. In fact 
it is not hard to see that it is a multiple of 

A Cr^2 A . . . A (Txg_i- 

This vanishes when a has a non-zero kernel, which is the locus of bundles in M for 
which there is a Higgs field vanishing at the {g — 1) points - a determinant divisor. 

If the rank 2 vector bundle has degree zero then by the mod 2 index theorem (as for 
example in [2]), if K^^"^ is an odd theta characteristic then 

dim H\C, g ^ K^^^) > 0. 

So if ^ G H^{C, g ® K^/'^) and a section s of K^^'^ has divisor xi + X2 + ■ ■ ■ + Xg-i 
then $ = s\I' is a Higgs field which vanishes at these points. In other words every 
bundle has a Higgs field vanishing at these points so 

(7x1 A cra;2 A . . . A cr^g_i = 0. 

These are relations in the algebra - one for each of the 2^^^ (2^ — 1) odd theta char- 
acteristics. However we still have for (7 > 4 

Q9 _i_ 1 

5<;-i_ 29-1(2^-1) > 

so there must be more. 
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